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Multicollinearity Problems and Ridge Regression 
in Sociological Models1 

ROBERT MASON and WILLIAM G. BROWN 

Oregon State University, Corvallis, Oregon 

The consequences of omitting relevant variables in regression analysis 
in order to cope with even moderate levels of multicollinearity can produce 
severe difficulties in subsequent theoretical interpretation of social science 
data. Use of ridge regression, a form of biased linear estimation, is explored. 
Application of ridge regression to a substantive sociological model is given 
to illustrate ridge regression’s strengths as well as its limitations. 

It is well known that ordinary least squares (OLS) provides parameter 
estimates with minimum variance in the class of linear unbiased estimators, 
e.g., Johnston (1972), given certain assumptions. It is also recognized, 
however, that intercorrelation among the explanatory variables can lead to 
problems of multicollinearity which can severely reduce the precision of OLS, 
even though the multicollinearity is not extreme enough to cause difficulty in 
inverting the moment matrix of the explanatory variables. 

Good indicators of multicollinearity are the main diagonal elements of 
the inverted correlation matrix of the explanatory variables, termed rii by 
Farrar and Glauber (1967), and also called Variance Inflation Factors (VIF), 
since the jth diagonal element, rii, shows how much the variance of flj is being 
inflated because of the correlation of Xj with the other p-1 explanatory 
variables. Another way of looking at rii follows the relation 

RT.12 _. .p = llrji, (1) 

where RT., z represents the variation in Xi accounted for by the 
remaining p-l’ &$lanatory variables. With several explanatory vaiiables, the rii 
values often tend to become very large, resulting in large variances and low 
Student’s t values for many of the explanatory variables which often should, 
theoretically, be included in the complete model. 

lThe authors thank Lyle D. Calvin and Don A. Pierce, Department of Statistics, 
Oregon State University, for their critical reading and helpful comments on earlier drafts 
of this paper. 
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In the past, the all too common method for dealing with multicollinear- 
ity was to delete theoretically relevant variables, which could lead to 
erroneous results, as Theil (1957) has shown. Brown (1973) has reported the 
large distortions actually encountered by deleting variables from specific 
empirical economic models. 

One relatively new approach to multicollinearity is to use biased linear 
estimation in place of OLS and related unbiased estimation techniques. One of 
the most promising of these new procedures is ridge regression, Hoer1 and 
Kennard (1970a, 1970b). The purpose of this paper is to first illustrate the 
difficulties encountered with multicollinearity from OLS applied to a socio- 
logical model. The model in this instance concerns the communication of air 
quality information to the public. Then ridge regression is used to mitigate the 
effects of multicollinearity. Finally, the reduced variances versus the resulting 
biases from ridge regression are evaluated. 

DEFINITION, VARIANCE, AND BIAS OF THE 
RIDGE REGRESSION ESTIMATOR 

The purpose of ridge regression is to reduce the high variances of the 
estimated coefficients at the expense of incurring some bias.2 Multicollinearity 
is mitigated by augmenting the main diagonal elements of the correlation 
matrix by small positive quantities. Assume the general linear model, 

y=xptu, (2) 

where there are II observations of the dependent variable, y, and the p 
standardized explanatory variables are denoted by X, where X is an n X p 
matrix, and u denotes the n X 1 disturbance terms. Following Hoer1 and 
Kennard (1970a, 1970b), X’X represents the correlation matrix of the 
explanatory variables. Then, assuming the linear model given in (2), the ridge 
estimator, /?*, is defined as 

p* = (X’X + kzy’ X’Y, (3) 

where k denotes a small positive increment. 
Thus, 

,i* = /3 + y f (X’X + kl)-’ X’u, (4) 

by substituting the Y from (2) where y represents the bias in @*. By 
definition [Johnston, 1972, p. 1251 , the variance-covariance matrix for fi* is: 

20ne justification offered by Hoer1 and Kennard (1970a) for using ridge regression 
is that there always exists a ridge estimate that has lower mean square error, [MSE(6,) = 
bias* (6) + variance (0)] , than the unbiased OLS estimator. 
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Var(j*) = E[(j* - Ej*)(p - E/3*)‘] 

= E { [(X’X + kl)-’ X’u] [(X’X t kI)-’ X’u] ‘} 

= (X’X t w)-’ x’vx (X’X t kzy’ . 

If one further assumes a homogeneous, uncorrelated error term, then 

Var(p*) = uz (X’X + kl)-’ XX(X’X + kl)-’ . (5) 

Although ridge regression can always be relied upon to reduce the high 
variances associated with nonorthogonal data, one must also be concerned 
with the magnitude of the bias from ridge regression, since the mean square 
error (MSE) of an estimate is equal to the variance of the estimate plus the 
square of the bias. Although Hoer1 and Kennard (1970a) derived the proper 
expression for the bias squared of the standardized ridge estimator in terms of 
k and the true standardized /I values, the extreme impact of the true 0 values 
and the relationship among the explanatory variables upon the expected bias 
in ridge regression was not noted, until pointed out by Brown (1973; pp. 
14-15; 31-32). 

By assuming fixed X values in (2), substituting Xfl + u for Y and taking 
expected values, 

E/!* = (X’X + kl)-* (x’X)fl = (X’X + kZ)-’ (X’X + kl - kI)fl since Eu = 0 

= (X’X + kl)-’ (X’X t kofl- (X’X t ko-’ k@ 

= /3- k(X’X+ kl)-‘0. (6) 

The significance of (6) can be seen for the simple case of two 
standardized explanatory variables. For fi,*, Eq. (6) implies that 

E(BT - PI) = (ltk)2k_ rT, Kl +k)P, - r,zPzl . (7) 

where rr2 denotes the correlation between the two explanatory variables, XI 
and X,, and k denotes the amount of increment of the main diagonal 
elements of the correlation matrix. 

Note that in Eq. (7), for the usual case of high positive correlation 
between economic variables, the expected bias in & will be minimized if fir 
and pZ have the same sign, and even more so if they are also of about equal 
magnitude. Conversely, if 01 and & are of opposite signs (and Xr and XZ are 
positively correlated), then the expected bias in & will be greatly increased, as 
indicated by (7). (Of course, if r12 in (7) were negative, then bias squared and 
mean square error will be smallest when pr and & are about equal in absolute 
magnitude but differ in sign.) This result can be generalized to the case of p 
standardized explanatory variables by means of a theorem which is proved in 
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the Appendix.3 In essence, this theorem states that the expected bias for the 
ridge estimate of the coefficient of the ith variable in the model, Y = X/3 + u, 
is the following: 

In the above theorem, 6,$ denotes the ridge estimate of the coefficient 
for the ith variable, where Xi has been regressed on the p-l remaining 
explanatory variables; A * = (X’X + kZ); and cji is a cofactor of A*. From the 
theorem, and from the fact that the sum of the g$ values will usually sum to 
nearly 1.0 for social models with positively related explanatory variables 
(as illustrated in Appendix Table A), it follows that the bias and mean square 
error for the ridge estimate of the ith coefficient will be relatively small if 
most of the true /3 values all have the same sign and /3i is approximately equal 
to the average of the other p-l explanatory variables. Thus, some models, 
such as Cobb-Douglas economic production functions, may be very well suited 
for estimation by means of ridge regression. On the other hand, ridge 
estimation of some other models could give poor results. 

AN APPLICATION OF RIDGE REGRESSION TO AN 
AIR QUALITY COMMUNICATION MODEL 

Assume a communication model4 shown as Fig. 1. Four endogenous 
variables are stipulated in their postulated interdependent relationship. These 
variables, denoted as Y variables in the figure, are: attitudes toward air 
quality, mass media exposure to information about air quality, level of air 
quality knowledge, and level of interpersonal discussion about air quality. The 
interest here is not with a single independent-dependent relationship but. 
rather, with a system of relationships in which the Y variables are imbedded, 
and which leads to a description of the interdependent relationships among 
the variables. The other four variables, denoted as X’s in the model, are 
considered exogenous. 

The model can be described mathematically as a system of just- 
identified simultaneous equations: 

3The authors are indebted to T. I?. Wallace for suggesting a more concise approach 
for deriving this theorem than the proof fist used by Brown [ 1973, pp. 31-321. 

4See Mason (1972) for a more complete description concerning the selection of 
variables, the specification and justification of their theoretical relationship, the develop- 
ment and testing of operational measures, and the gathering of sufficient data to test the 
model empirically. The data were collected by personal interview of a random area 
sample (n = 294) of residents in an urban Oregon community. 
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Fig. 1. Diagram of the postulated air quality communication model. 
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(10) 
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(12) 

where Yj is the observed value for the appropriate endogenous variable in the 
system, flji and yii are constants, or regression coefficients, Xi is an independ- 
ent predictor or exogenous variable outside the system, and et is a stochastic 
disturbance term assumed to be independently and normally distributed, with 
mean equal to zero and a constant, finite variance uf . 

Results of analysis of the data by two-stage least squares are given in 
Table 1 for the structural equations. In Table 1, the first column refers to the 
respective equations (9)-(12) of the communication model. The second 
column refers to the variables shown in Fig. 1 and in Eqs. (9)-(12). Student t 
values associated with the coefficients are given in column 3. The rii value, 
column 4, is the value defined in Eq. (1). Rf. 1 2 _ . . p, column 5, is also 
defined in Eq. (1). 

An examination of the Student t values in Table 1 discloses a difficulty 
in accepting only those variables with statistically significant t values into the 
final model. For one thing, none of the variables in Eq. (9) are significant. 
For another, the coefficient for the Y3 variable in Eq. (12) has an unexpected 
negative sign. Also, some equations would be under-identified. The values in 
theriiandRf.12...p columns were examined for an explanation. 

When the rii value is large (e.g., greater than IO), the variance of the jth 
variable is already largely acounted for by other explanatory variables in the 
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TABLE 1 

Results of Two-Stage Least Squares Analysis of the Communication Model, n = 294“ 

Equation Variable Student’s t rii RZj-12.. .p 

19) x4 1.049 8.2232 .878 
Y2 -0.428 499.0917 .998 
Y3 1.021 121.8949 .992 
y4 0.550 189.7841 .995 

(10) T2 -0.249 27.5129 .964 
111 -0.853 11.1412 .910 
Y3 2.091 6.9767 .857 
y4 1.064 38.5887 .974 

(11) Xl 1.746 5.8287 .828 
x3 2.661 10.2984 .903 
Y2 -0.434 127.3210 .992 
y4 1.032 74.6116 .987 

(12) x2 0.539 16.6830 .940 
Yl 1.880 6.5053 846 
312 1.792 52.5900 .981 
y3 -1.848 25.3326 .961 

Qverall regression coefficients of determination were .267, .168, .382, and .292 for 
Eqs. (Y), (lo), (ll), and (12), respectively. 

model. The magnitude of this variance can be noted by examining the values 
forRT.12 ...p in the table. Variables with relatively high rii values will tend 
to have large variances of their estimated coefficient; thus, very low precision 
of estimation will result-even to the point that one is not sure of the sign of 
the coefficient. The magnitude of rii and Rf. r2 . . _ P values in Table 1 
provide sufficient evidence that the difficulty noted above is the result of 
severe multicollinearity. Furthermore, application of a test suggested by 
Haitovsky (1969) failed to detect any significant departure from zero of the 
determinants corresponding to the correlation matrices for the explanatory 
variables of Eqs. (9)-(12) in Table 1. Thus, all indications were of severe 
multicollinearity for the estimated models of Table 1. 

Following one method for dealing with multicollinearity, the variables 
were entered in a stepwise regression computer routine by order of their 
statistical influence. If the incoming variables became statistically nonsignifi- 
cant, and lowered the t values of the other explanatory variables, these 
variables were dropped. This procedure resulted in the following reformulation 
of the model as described by Eqs. (13)-(16), and shown in Fig. 2. (Numbers 
under the coefficients are Student’s t values: (*) denotes .05 < p < .lO; (**) 
.Ol <p < .05; and (***) p < .Ol, one-tail test.) 
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Fig. 2. Diagram of the air quality communication model reformulated 
stepwise regression. 

;, = 0.3316 1;s + 0.0867 Y‘, + 0.2082 X, (13) 

(4.086)*** (1.049) (3.793)** 

k2 = 0.1962 i-, + 0.2380 ?a (14) 

(2.278)* (2.762)*** 

3, = 0.3187 Y2 + 0.1025 X, + 0.2636 X3 (15) 

(4.181)*** (1.605)” (4.366)*** 

;a = 0.1944 ?, - 0.0729 Y3 + 0.4429 X2 (16) 

(1.570)* (-0.588) (5.920)*** 

In Eq. (13), Air Quality Knowledge (Ys) and Perceived Seriousness of 
Air Pollution (X,) are significantly related to Attitude Level (Yr ), while 
Interpersonal Discussion (pa) is not. In Eq. (14), Air Quality Knowledge (Y3) 
and Interpersonal Discussion (Y,) are significantly related to Mass Media Use 
(F2). In Eq. (15), M ass Media Use (I;,), Use of the Environment (X,), and 
Science Education (Xs) are significantly related to Air Quality Knowledge 
(Ys). In Eq. (16), Attitude Level (Y,) and Social Influence (X,) are 
significantly related to Interpersonal Discussion (Y4), while Air Quality 
Knowledge (Ys) is not. 

Substantive interpretation of the results for the endogenous variables 
would lead one to suggest that the relationship between mass media use and 
air quality knowledge is interdependent, i.e., one serves as the basis for the 
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occurrence of the other, and vice versa. High knowledge levels are associated 
with positive attitudes toward air quality which, in turn, are related positively 
to interpersonal discussion. High levels of interpersonal discussion are positive- 
ly associated with high levels of mass media use. 

When one studies the effect of omitting relevant variables, it becomes 
apparent that several postulated relationships do not receive empirical support. 
For one, the effects between attitude level and mass media use [Eqs. (13) and 
(14)] and the effect of interpersonal discussion on knowledge levels [Eq. 
(15)] are not supported. Moreover, the effect of the exogenous variable, social 
influence (X,), on mass media use [Eq. (14)] is not supported either. Since 
the zero-order correlations for all of these effects are positive and highly 
significant, one possibility must be considered-that these variables were 
omitted to cope with the effects of multicollinearity. Examination of the data 
in Table 1 shows that the RT.,2 . . p values were .90 or greater for all 
omitted variables. This means that 90 percent or more of the variance of the 
omitted variables is accounted for by variables remaining in the model. 

Omission of these relevant variables may result in a serious bias, as 
noted earlier in this paper. Therefore, some other method for coping with 
multicollinearity which does not require the deletion of variables should be 
considered. It is in this vein that we explored the application of ridge 
regression to this problem. 

Values for the ridge estimate @*) and the square root of the ridge 
variance [(Var)w] were determined, following Eqs. (3) and (5). As well, a u 
statistic, defined below, was calculated. The relevant data are presented in 
Tables 2, 3, 4, and 5 for k = 0, 0.1, 0.2, and 0.3. 

Evaluation of the regression coefficient under OLS (k = 0) is usually 
made by calculating a Student’s t value. This is accomplished by dividing 0 by 
(Var)% and comparing the obtained t with the tabled value. For ridge values 
with k > 0, however, this practice does not provide a comparable t value. This 
is because of bias in the ridge estimates, which means that the t values for 
k> 0 would no longer have expected value equal to zero, given the null 
hypothesis that $ = 0. Nevertheless, one is still not at a complete loss in 
trying to evaluate the mean square error of a* for k > 0, because an indirect 
test can be made. One can test the constraint, for a given value of k, that the 
regression coefficients are equal to the ridge estimates. For any set of 
constrained estimators, Wallace (1972) has shown that the statistic5 

SSE (b*) - SSE (b) 
u=--r (21) ma 

SWallace’s notation has been altered slightly to avoid confusion with the notation 
for estimators used elsewhere in this paper. See Ryan and Perrin (1973) for an early 
application of the u statistic for testing the mean square error of the ridge estimator. 
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TABLE 2 

Results of Ridge Regression Analysis of Data for Equation @-Level of 
Attitudes Toward Air Quality 

Value of k 

Variable O(OLS) 0.1 0.2 0.3 

-* x4 P 0.151 
(Var)% 0.144 

p2 b* -0.481 
(Var)% 1.122 

p, b* 0.567 
(Var)% 0.555 
-* 

?4 ;xJarp 0.381 
0.692 

u statistic 0 

0.203 0.188 0.176 
0.048 0.043 0.039 

0.112 0.115 0.115 
0.025 0.021 0.019 

0.231 0.203 0.185 
0.057 0.044 0.037 

0.057 0.072 0.081 
0.053 0.041 0.034 

0.190 0.410 0.650 

TABLE 3 

Results of Ridge Regression Analysis of Data for Equation (lo)-Level of 
Mass Media Use Concerning Air Quality 

Value of k 

Variable 0 (OLS) 

-* 
X2 kar)K 

-0.070 
0.281 

jk, j* -0.152 
(Var)% 0.179 

p, i* 0.296 
(Var)% 0.141 

p, i* 0.354 
(Var)” 0.333 

u statistic 0 

0.1 0.2 
- 

0.106 0.108 0.105 
0.057 0.042 0.035 

0.016 0.044 0.056 
0.068 0.049 0.0 39 

0.174 0.145 0.130 
0.069 0.050 0.040 

0.127 0.114 0.109 
0.054 0.036 0.029 

0.250 0.375 0.475 

0.3 

is distributed as a noncentral F with parameters m, N-K, and h, a non- 
centrality parameter, where m is the number of restrictions SSE (b*) is the 
error sum of squares for the constrained OLS estimators, and G2 is the OIS 
estimate of a2 in the unrestricted case. Wallace (1972) then shows that a 
necessary and sufficient condition for b * to be better in weak mean square 
error is h < m/2. 
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TABLE 4 

Results of Ridge Regression Analysis of Data for Equation (1 l)-Level 
of Air Quality Knowledge 

Value of k 

Variable 0 (OLS) 0.1 0.2 0.3 

^* 
x1 &ar)‘/f 

8* 
x3 (Var)% 

jk2 j3* 
(Var)% 

pa i* 
(Var)% 

u statistic 

0.202 0.123 0.115 0.111 
0.116 0.049 0.043 0.038 

0.410 0.277 0.254 0.237 
0.154 0.046 0.041 0.037 

-0.235 0.162 0.167 0.165 
0.542 0.032 0.023 0.020 

0.428 0.127 0.122 0.120 
0.415 0.041 0.034 0.030 

0 0.225 0.438 0.725 

TABLE 5 

Results of Ridge Regression Analysis of Data for Equation (12)-Level 
of Interpersonal Discussion About Air Quality 

Value of k 

Variable 0 (OLS) 0.1 0.2 0.3 

-* 
x2 pola,)% 0.108 0.284 0.256 0.232 

0.201 0.057 0.044 0.037 

k, j3* 0.236 0.123 0.107 0.101 
(Var)% 0.126 0.066 0.047 0.037 

p, i* 0.640 0.190 0.167 0.156 
(Var) Y2 0.357 0.048 0.030 0.024 

F3 i -0.458 -0.061 -0.008 0.017 
(Var)% 0.248 0.058 0.041 0.033 

u statistic 0 0.763 1.213 1.613 

In using ridge regression, one is immediately confronted with the 
selection of the most appropriate value of k. The ridge value of k = 0.1 was 
used in this paper for the subsequent evaluation of /?* for the following 
reasons: 

(1) In all cases except one, stability of the ridge estimate was not 
improved by going beyond k = 0.1. (The ridge trace for each value of k = 
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0.1, 0.2,. . . , 0.9 was plotted, and showed that the ridge estimates had 
approached their ultimate values at k = 0.1.) 

(2) The bias of the ridge estimates is an increasing function of k, and 
beyond some value of k, mean square error of o*, MSE @*), will also start to 
increase, as Hoer1 and Kennard (1970a) have shown. Since MSE is equal to 
the variance plus the bias squared, it is a good measure of accuracy. One 
should try to keep the value of k reasonably low to avoid increasing bias and 
MSE (b*). Since the greatest absolute reduction in variance had occurred for 
k = 0.1, it seemed prudent to avoid additional increases in bias for the slight 
advantage of only small reductions in variance. (Of course, a positive k value 
less than 0.1 might provide a ridge estimate with still smaller MSE. Selection 
of optimal k values is a subject for additional research.) 

In Tables 2-5, values for the u statistic are quite low for k = 0.1. Thus, 
we fail to reject the null hypothesis that the fi* values are lower in weak mean 
square error than the unrestricted OLS estimates. In fact, the critical value for 
central F for P = 0.50, is approximately 0.84. Therefore, these low computed 
u values for k = 0.1 provide support for our contention that this model and 
data are well suited for application of ridge regression, plus the fact that all 
expected values of the coefficients have the same sign. 

On this evidence, we proceeded to evaluate the ridge coefficient by 
dividing j* by (Var)% for k = 0.1. If the obtained value was, say, greater than 
1.75 or 2.00, and the subsequent u statistic below 0.84, this would provide 
some indication that one should not rule out inclusion of the variable in the 
model. 

Applying the procedure specified in the previous paragraph to the data 
in Tables 2-5, and restricting our attention to k = 0.1, we find that, as 
expected, all the variables deemed to be significant in the stepwise solution 
[Eqs. (13)x16)] would be accepted under ridge regression estimation. As well, 
a number of other variables would be accepted. In Eq. (9) variable 1’, , Mass 
Media Use, would be included. In Eq. (lo), X,, Social Influence would be 
added. In Eq. (1 I), ib, Interpersonal Discussion would be added. And, in Eq. 
(12), pz, Mass Media Use would be accepted. The remaining variables would 
not be included. The model, reformulated by ridge regression, is shown as Fig. 3. 

While a complete theoretical accounting of the variables added to the 
model from ridge regression is beyond the scope of this paper, one should 
point out a few nontrivial findings. First, level of mass media use directly 
affects attitudes toward air quality; its effect is not necessarily mediated solely 
by increased knowledge levels. Second, social influence is associated positively 
with mass media use, and is not mediated as an effect of interpersonal 
discussion. Third, level of interpersonal discussion directly affects knowledge 
levels, and is not mediated as a mass media use effect. And fourth, the 
relationship between mass media use and interpersonal discussion is inter- 
dependent, not merely an effect of interpersonal discussion. 
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Fig. 3. Diagram of the air quality communication model reformulated from ridge 
regression. 

It should be noted that some of the postulated relationships in the 
model do not receive empirical support. The postulated effect of attitude level 
on mass media use and knowledge level on interpersonal discussion are 
examples. In Table 1, the t value with OLS for Attitude, ?I , [Eq. (lo)] , was 
-0.85, which is obviously not a significant predictor for Mass Media Use, yz. 
With ridge regression at k = 0.1, Table 3, the ratio of Y, ‘s ridge coefficient to 
its standard error, 0.016/0.068 = 0.24, indicates a non-significant effect of Y1. 
Considering the fact that all the other regression coefficients have an expected 
positive sign and most variables are also positively related, the theorem in the 
Appendix and results in Appendix Table A show that the bias for the 
coefficient of ?, is in the positive direction. Since the coefficient for 1’1 is 
not close to significance, even with the impetus in the proper direction from 
the other variables, this provides good evidence that Y1 had no significant 
effect, at least with these data. 

Note that the evidence for deletion of I’1 is stronger in this instance 
than for OLS. For OLS, the standard error of the coefficient of 3, was 
0.179, larger than its coefficient of -0.152 in Table 3. Thus, with OLS one is 
not sure if the lack of significance for p1 is due to multicollinearity and the 
associated increase in variance, or is due to an absence of a real effect. By 
contrast, at k = 0.1, the standard error is reduced by a factor of almost 
three. Since the model in this instance postulated only a positive association 
between ?I and 8,) and since any bias from ridge regression should be in the 
positive direction, the lack of significance of the coefficient of Y, at k = 0.1 
provides stronger evidence that the variable P1 had no effect on P,. 

Similarly, the argument can be made for the other explanatory variables 
which were not accepted in ridge regression. On the other hand, one must be 
cautious with regard to those explanatory variables which appear to be 
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significant in ridge regression. For one thing, the Appendix Theorem implies a 
positive bias in this model for those /?* values which have standardized true 
pi’s which are below average in magnitude. This bias probably inflates some of 
the ridge coefficients above their true value. Therefore, the estimated ridge 
variance underestimates the true mean square error, since no estimate of bias 
squared is included in the estimated variance. Thus, one is in much greater 
danger of making Type I statistical errors for models like ours, i.e., those 
models containing variables with coefficients of the same expected sign than 
for OLS. 

Due to this added uncertainty involved with testing of significance when 
ridge regression is employed, we would not recommend ridge regression unless 
the OLS variances are markedly inflated from multicollinearity. We hold this 
position, even though minor reductions in MSE from ridge regression can still 
be obtained with orthogonal explanatory variables. 

The development of biased linear estimation is a recent innovation, and 
rapid development can be expected. It appears that, at present, ridge 
regression can be useful in analyzing data for certain types of sociological 
models. It should be emphasized, however, that at this stage of development 
prior information concerning the expected signs of the coefficients is required. 
Hopefully, improvements in biased linear estimation will eventually permit 
extension to models where little or no prior information is available. 

APPENDIX 

Expected Bias of the Ridge Estimator for the 
General Case of p Explanatory Variables 

Theorem. The bias of the ridge estimate of the jth standardized 
regression coefficient can be expressed as 

and if i Z j, 63 denotes the ridge estimate of the ith regression coefficient of 
the model where Xi has been regressed on the remaining (p-l) explanatory 
variables. (pi and fli represent the true regression coefficients in the original 
model, Y = Xfl + U, and cii is the minor formed by deleting the jth row and 
column from A* = (XX + U)). 

Proof. Note that if we partition A* so that 
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where E = (D - B’A-‘B) and F = A-‘B, following the notation of Rao (1965, p. 
29). The above inverse is easily verified in general by obtaining the properly 
partititioned identity matrices from A* (A*)-’ = (A*)-‘A*. For our purpose, 
we need only consider the case where D (and therefore I!?-‘) are scalars. Then, 
for standardized variables and j = p, Equation (6) implies that 

E(j; - /3,,) = -k[-b-‘F’,E-‘1 /3 = kE-’ [(A-lb)‘, - I.01 /3. 

P-l 
By inspection of A *, A-‘B = YZ 

i= 1 
dti. Also, since (A *)-I = & (adj A*), 

E-’ =cpp+ kl *I. Therefore, the theorem holds for j = p. Since the order of an 
explanatory variable in the equation has no effect on its estimated coefficient 
in ridge or OLS regression, the theorem is proved. 

Discussion 

The extreme import and general applicability of the preceding theorem 
can be seen from the results in Appendix Table A. These results illustrate the 
fact that the bias of the @ for the model, for standardized variables 

yi = PIXli+ P2X2i + P3x3i + Ei, 

will be relatively small for positively related explanatory variables if, and only if, 
the true fli values are all of the same sign and of similar magnitude. 

A surprising result is that the standardized regression coefficients among 
the explanatory variables can vary greatly without affecting this result, as 
illustrated by the numbers in the second column (for k = 0.0) of Appendix 
Table A. In the first two rows, the standardized regression coefficient between 
X1 and X3 is 0.9874, and between XZ and X3 is zero. Note that these two 
standardized regression coefficients sum to near unity, 0.987421. For the next 
two rows, at k = 0.0, the standardized regression coefficient between X1 and 
X3, b^T, is about four times that for 6;. Again, the two standardized re- 
gression coefficients sum to near unity, 0.989746. Finally, for the last two 
rows at k = 0.0, 6: and b^: are of equal magnitude. Note further that the 
standardized regression coefficients again sum to nearly one, 0.991602. 

Considering the case for k = 0.1, note that the standardized regression 
coefficients all sum to about the same magnitude for each pattern of 
intercorrelation among the explanatory variables, ranging from 0.9401-0.9436. 
In terms of the bias, as shown in Eq. (8), if PI = 0s = p3, then for all three 
cases at k = 0.1 in the table, the sum of 6:/3, and b^$ would nearly cancel 
the value of -1.0 (3a. This small difference (multiplied by a constant) 
represents the relatively small bias in this example. This example illustrates 
that the magnitude of the individual coefficients among the explanatory 
variables makes very little difference, just so long as the overall pattern of 
partial regression coefficients among the explanatory variables is positive (or 
negative, as discussed after Eq. (7)). 
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TABLE A 

Behavior of Ridge Coefficients when Third Explanatory Variable, Xs, has been Regressed on 
Explanatory Variables Xt and X2, where the True Relation is X3i = b 1x1 f + b2XZi + Ei 

and E(cf) =O.O25,~x~ = 10, X.x; = 10, Xxix2 = 9.8533, X:X: = 10, and n = 13 

Distribution of b r and bz for several levels of k 

Parameter k=O.O k=O. 1 k=0.2 k=0.3 

0.98742 1 0.5332 0.4823 0.45 19 
0.000000 0.4069 0.4148 0.4059 
0.987421 0.9401 0.8971 0.8578 

0.791797 0.5091 0.4699 0.4438 
0.197949 0.4332 0.4293 0.4161 
0.989746 0.9423 0.8992 0.8599 

0.495531 0.4718 0.4502 0.4305 
0.4955 31 0.4718 0.4502 0.4305 
0.991602 0.9436 0.9004 0.8610 
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